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4  CHAPTER FOUR 
Unsteady-State Material 
and Energy Balances 
 
This chapter focuses briefly on unsteady-state processes in which the value of the 

state, dependent variable, as a function of time is of interest. The term “unsteady 

state” refers to processes in which quantities or operating conditions within the system 

change with time. The word transient state applies to such processes. A wide variety 

of important industrial problems fall into this category, such as start-up/shut-down of 

process equipment, batch processing, the change from one set of operating conditions 

to another, and the perturbations that develop as process conditions fluctuate. The 

following items outline the principal learning objectives of this chapter. 

 
Learning Objectives 
1. Develop unsteady-state material balance equations and solve simultaneous 

First-order ordinary differential material balance equations 

2. Develop unsteady-state energy balance equations and explain the rational changes 

in concentration or temperature versus time (Section 4.2). 

4.1 Unsteady-State Material Balance 
 
Unsteady or transient state refers to processes in which quantities or operating 

conditions within the system change with time [1–3]. For such processes, the 

accumulation term in the mass balance equation cannot be neglected and must be 

accounted for (Figure 4.1). 

 
FIGURE 4.1: Open system with multiple input and output streams. 
 
The general material balance equation takes the following form: 
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……………………………..(4-1) 

 

 
 
 
Example 4.1 Filling Controlled Level Storage Tank 
Problem 
A storage tank that is 2.0 m in diameter is filled at a rate of 2.0 m3/min. When the 

height of the liquid is 2 m in the tank, a control valve installed on the exit stream at 

the bottom of the tank opens up, and the fluid flows at a rate proportional to the head 

of the fluid, that is, 0.4h m3/min, where h is the height of fluid in meters. Plot the 

height of the liquid as a function of time. What is the steady-state height of the fluid in 

the tank? 

 
 
EXAMPLE FIGURE 4.1.1: (a) Schematic of a storage tank. 
 
Solution 

Known quantities: Inlet and exit tank volumetric flow rate. 

Find: Plot the height of the tank as a function of time. 

Analysis: The tank flowchart is shown in Example Figure 4.1a.1. Unsteady-state 

mass balance: 
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Neither generation nor consumption occurs in the process: 

 
 

 

 
 

 
 
It can be seen that the height of the tank increases sharply with time at the very 

beginning of the process and slowly with time later on until it reaches the steady state, 

which is at approximately 5 m. The steady-state height is calculated by setting the 

differential term to zero. The height is found to be approximately 5 m. 
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Example 4.2 Dilution of a Salt Solution 

Problem 

A tank holds 100 L of a salt–water solution in which 5.0 kg of salt is dissolved. 

Water runs into the tank at a rate of 5 L/min, and salt solution overflows at the same 

rate. Plot the concentration of the salt versus time. How much salt is in the tank at the 

end of 10 min? 

 
 
EXAMPLE FIGURE4.2.1: (a) Dilution of salt–water solution. 
 
Solution 

Known quantities: Volume, mass, and inlet flow rate are known. 

Find: The amount of salt in the tank at the end of 10 min. 

Analysis: Assume that the solution in the tank is well mixed and the density of the 

salt solution is essentially the same as that of pure water. The process flow sheet is 

shown in Example Figure 11.2a.1. The general unsteady-state mass balance is 

 

  
Since there are no reactions, generation and consumption terms are dropped and the 

general material balance equation is reduced to 

 
 
 
 
The inlet mass flow rate as a function of salt concentration is 
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The outlet mass flow rate is 
 

 
Accumulated mass (note that, in the accumulated mass, V is the volume of the fluid in 
the tank) is 
 

 
 
Substitution of these terms in the simplified material balance equation yields the 
following equation: 
 

 
Assuming the tank is well mixed, the outlet salt concentration equals the  
concentration in the tank: 
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the salt concentration in the tank decreases with time. At the end of 10 min the salt 
concentration in the tank is 0.03 kg/L. 
 
Example 4.3 Dilution of Salt Solution 

Problem 

The average ocean water of salinity 35 ppt flows into a 100 L tank containing 1.5 kg 

salt at a rate of 5 L/min. The salt solution overflows out of the tank at 5 L/min. How 

much salt remains in the tank at the end of 15 min? 

 
 
 
 
 
EXAMPLE FIGURE4.3.1(a) 

Schematic of a salt dilution   



7 
 

tank. 

Solution 

Known quantities: Water concentration, exit flow rate are known. 

Find: The amount of salt in the tank at the end of 15 min. 

Analysis: The dilution process flow sheet is shown in Example Figure 4.3a.1. 

Assume the fluid in the tank is well mixed and the density of salt solution is constant 

and equal to that of water. If we have 1 g of salt and 1000 g of water, the salinity is 1 

ppt.The general unsteady-state material balance is 

 
 
Assuming the solution in the tank is well mixed, the outlet salt concentration equals 
the concentration in the tank; this assumption reduces the earlier equation to the 
following form: 
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The concentration of salt in the tank after 15 min (90 s) is approximately 0.035 kg/L. 
Since the volume of the tank is 100 L, accordingly, the amount of salt is 3.5 kg. 
 
 
Example 4.4 Sewage Treatment 
Problem 
In a sewage treatment plant, a large concrete tank initially contains 440,000 L liquid 

and 10,000 kg fine suspended solids. To flush this material out of the tank, water is 

pumped into the vessel at a rate of 40,000 L/h, and liquid containing solids leave at 

the same rate. Estimate the concentration of suspended solids in the tank at the end of 

4 h. 

 
 
EXAMPLE FIGURE 4.4.1: (a) Sewage treatment tank. 
 
Solution 

Known quantities: Tank volume, initial fine solid concentration, flow rates. 

Find: The concentration of suspended solids in the tank at the end of 4 h. 

Analysis: The process flow diagram is shown in Example Figure 11.4a.1. The general 

unsteady-state material balance equation is 
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Since there are no reactions, generation and consumption terms are dropped, and the 
general material balance equation is reduced to the following form:  
 
 
 
Replacing mass flow rates in terms of concentration, as done in Example 4.3, yields 
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The concentration of suspended solids in the tank after 4 h of operation is 

approximately 0.016 kg/L, which is the same as the values of the concentration 

obtained analytically. 

Example 4.5 Diffusion of a Solid into a Liquid 

Problem 

A compound dissolves in water at a rate proportional to the product of the amount of 

undissolved solid and the difference between the concentration in a saturated solution 

and the actual solution, that is, Csat − C(t). The dissolution rate is 0.257 h−1. A 

saturated solution of this compound contains 0.4 g solid/g water. In a test run starting 

with 20 kg of undissolved compound in 100 kg of water, how many kilograms of 

compound will remain undissolved after 10 h? Assume that the system is isothermal. 

 

 
 
EXAMPLE FIGURE 4.5.1: (a) Diffusion of solid into water. 
 
Solution 
Known quantities: The dissolution rate is 0.257 h−1. A saturated solution of this 
compound contains 0.2 g solid/g water. 
Find: The kilograms of solid compound that will remain undissolved after 10 h. 
Analysis: Example Figure 11.5a.1 is a schematic of the process of diffusion of solids 
in water. Let us assign m for the mass of the undissolved compound at any time, m0 is 
the initial mass of the undissolved compound at time zero, and C is the concentration 
of the dissolved compound in water. 
General material balance on the undissolved compound is 
 

 
 

There is no inlet or outlet mass flow rate to the tank: m
. in = m

.
 out = 0. 

There is no generation of the undissolved solid: m. g = 0. 
The rate of consumption: mc = km (Csat−C) 
Rearranging the general material balance equation leads to the following equation: 
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     The diagram reveals the solid concentration 
is increasing with time. The amount of undissolved solid 
after 10 h is around 13.21 kg (13,210 g). 
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4.2 Unsteady-State Energy Balance 
Consider the mixing tank shown in Figure 4.2 where heat is added or removed from 
the tank through jacketed inlet and exit streams [4, 5]. The general form of the energy 
balance under unsteady-state condition takes the form 
 

  
 FIGURE 4.2: Energy balance on unsteady state process. 
 

 
 

 
 
 
Example 4.6 Heating of a Closed System 
Problem 
A kettle used to boil water containing 1.00 L of water at 20°C is placed on an electric 
heater (Q = 2200 J/s). Find out the time at which water begins to boil. 
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EXAMPLE FIGURE 4.6.1: (a) Schematic of an electrical heater kettle. 
 
 
Solution 
Known quantities: Kettle volume, initial water temperature, heat supplied. 
Find: The time at which water begins to boil. 
Analysis: The tank flowchart is shown in Example Figure 4.1a.1. The normal boiling 
water temperature is 100oC. The kettle heater diagram is shown in Example Figure 
4.6a.1. The general energy balance equation is 
 

 
 

The kettle is batch; inlet and outlet mass flow rates are zero; m
. in = m

.
 out = 0. 

No shaft work: Ws = 0 , For liquids: Cp ≈ Cv, Specific heat of water: Cp = 4.18 J/g°C 
 
The general energy balance equation is simplified to the following equation: 
 

 
Solve this ordinary differential equation using the following data: 

Heat added to the kettle: Q
.
 = 2200 J/s  , Specific heat of water: Cp = 4.18 J/g°C 

Volume of the kettle: V = 1.0 L,  Density of the water in the kettle: ρ = 1000 g/L 
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The analytical solution is obtained by integrating the first-order energy balance 
equation: 
 

 
 

 
 
 
The time required to heat the water to its boiling temperature in the mentioned kettle 
is 171.5 s (2.86 min). 
 
 
Example 4.7 Heating of a Stirred Tank 
Problem 
Oil at 20°C is being heated in a stirred tank. Oil enters the tank at a rate of 500 kg/h at 

20°C and leaves at temperature T. The tank holds 2300 kg of oil, which is initially at 

20°C. The heat is provided by steam condensing at 130°C in coils submerged in the 

tank. The rate of heat transfer is given by 

Q = h (Tsteam − Toil) 
 
The heat capacity of the oil is given by Cp = 2.1 J/(g °C) and the heat transfer 

coefficient is h = 115 J/s °C. The shaft work of the stirrer is 560 W. Once the process 

is started, how long does it take before the oil leaving the tank is at 30°C? 
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EXAMPLE FIGURE 4.7.1: (a) Schematic of an oil heating tank. 
 
Solution 
Known quantities: Inlet and exit tank volumetric flow rate. 
Find: Plot the height of the tank as a function of time. 
Analysis: The tank flowchart is shown in Example Figure 4.1a.1. The general energy 
balance equation is 
 

  
Reference: Inlet oil temperature (i.e., Tref = T0 = 20°C). 
System: Oil in the tank (Example Figure 4.7a.1). 
For liquids, Cp and Cv are approximately equal. 
Specific heat of oil: Cp = 2.1 J/g °C. 
The shaft work of the stirrer is 560 W. 
The work done on the system Ws = −560 W = −560 J/s. 
The heat added to the oil from the steam is Q = h (Tsteam − T). 
The heat transfer coefficient is h = 115 J/(s°C). 
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The result reveals that the temperature of oil reaches 35°C in approximately 123 min. 
 
 
Example 4.8 Quenching of an Iron Bar 
Problem 
The volume of a cubic iron bar is 60 cm3 at a temperature of 95°C, the heat transfer 

area of the block is 112 cm2. The iron bar is dropped into a barrel of water at 25°C. 

Density of the iron bar is 11.34 g/cm3. The barrel is large enough so that the water 

temperature rise is negligible as the bar cools down. The rate at which heat is 

transferred from the bar to the water is given by the expression 

Q (J/min) =UA (T − Tw) 
where U is the heat transfer coefficient, which is 0.050 J/(min cm2 °C). The heat 

capacity of the iron bar is 0.460 J/ (g °C). Plot the temperature of the bar as a function 

of time, and calculate the time for the bar to cool to 30°C. 

 
EXAMPLE FIGURE 4.8.1: (a) Schematic of cooling of iron bar block in a large 
tank of water. 
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Solution 

Known quantities: Inlet and exit tank volumetric flow rate. 

Find: Plot the height of the tank as a function of time. 

Analysis: The tank flowchart is shown in Example Figure 4.8a.1. Assume the heat 

conduction in iron is rapid enough for the temperature of the bar to be uniform  

throughout. This latter concept is an important approximation called lumped 

capacitance, and it allows us to considerably simplify the problem because we do not 

have to worry about heat transfer within the solid bar itself. Assume also temperature 

of water to remain constant. 

System: Iron block. 

Reference temperature: 25°C 

Schematic of the process is shown in Example Figure 4.8a.1. 

The general energy balance equation is 
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the time required to cool the block to 30°C, which is around 2.39 h 
 
Example 4.9 Heating of a Solution 

Problem 

An electric heating coil is immersed in a stirred tank. The shaft work of the stirrer is 

560 W. A solvent at 15°C with a heat capacity of 2.1 J/g °C is fed into the tank at a 

rate of 15 kg/h. Heated solvent is discharged at the same flow rate. The tank is filled 

initially with 125 kg cold solvent at 10°C. The rate of heating the electric coil is 2000 

W. Calculate the time required for the temperature of the solvent to reach 60°C. 

Solution 

Known quantities: Inlet and exit flow rate, initial tank temperature. 

Find: The time required for the temperature of the solvent to reach 60°C. 

Analysis: The tank flowchart is shown in Example Figure 4.9a.1. Assume the tank 

reference temperature is 15°C. The general energy balance equation is simplified to 

the following equation: 

 

 
 
EXAMPLE FIGURE 4.9.1: (a) Schematic of a heating tank. 
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Solution 
Known quantities: Inlet and exit flow rate, initial tank temperature. 
Find: The time required for the temperature of the solvent to reach 60°C. 
Analysis: The tank flowchart is shown in Example Figure 4.9a.1. 
Assume the tank reference temperature is 15°C. The general energy balance 
equation is simplified to the following equation: 
 

 
 
Heat capacity: Cp = 2.1 J/g °C. 
Heat added to the oil from the cooling coil: Q = 2000 J/s. 
Work applied on the system from the stirrer: Ws = −560 J/s. 
 

 
 
The time required for temperature to reach 60oC is around 5521 s (1.53 h). 
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Example 4.10 Heating a Glycol Solution 
Problem 
An adiabatic stirred tank is used to heat 100 kg of a 45 wt% glycol solution in water 

(mass heat capacity 3.54 J/g °C). An electrical coil delivers 2.5 kJ/s of power to the 

tank; 88% of the energy delivered by the coil goes into heating the vessel contents. 

The shaft work of the stirrer is 500 W. The glycerol solution is initially at 15°C. How 

long will the solution take to reach 90°C? 

 

 
 
FIGURE4.10: (a) Schematic of a glycol heating tank. 
 
Solution 
Known quantities: Mass of glycol in the tank, heat capacity, heat supplied from coil. 
Find: The time taken for the glycol solution to reach 90°C. 
Analysis: Assume a reference temperature of 15°C. The schematic diagram 
of the adiabatic stirred tank heater is shown in Figure 4.10a. 
The general energy balance equation is simplified to the following equation: 
 

 

 
 
  



21 
 

 
 
 

 
 
 
the solution shows that it will take around 10,000 s (2.78 h) for the glycol solution to 
reach the temperature of 90°C. 
 
 
Homework Problems 
4.1 A storage tank that is 2.0 m in diameter is filled at a rate of 2.0 m3/ min. The exit 
fluid flow rate is proportional to the head of the fluid (0.5h m3/min), where h is the 
height of fluid in meters. Plot the height of the liquid as a function of time. What is 
the steady-state height of the fluid in the tank? (4 m)  
 
4.2 A boiler used to boil water, containing 100 L of water at a temperature of 25°C, is 
placed on an electric heater (Q = 3000 J/s). Find the time at which water begins to 
boil. (100 min)  
 
4.3 A tank containing 1000 kg water at 25°C is heated using saturated 
steam at 130°C. The rate of heat transfer from the steam is given by the 
following equation: 

Q
. =UA (T −T) 

Q . is the rate of heat transfer to the system. U is the overall heat transfer coefficient, 
A is the surface area for heat transfer, and T is the temperature. The heat transfer area 
provided by the coil is 0.3 m2, and the heat transfer coefficient is 220 (kcal)/m2 h°C. 
The condensate leaves the coil as saturated steam. 
a. The tank has a surface area of 0.9 m2 exposed to the ambient air. The tank 
exchanges heat through this exposed surface at a rate given by an equation similar to 
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that given earlier. For heat transfer to or from the surrounding air, the heat transfer 
coefficient is 25 (kcal)/m2 h°C. If the air temperature is 20°C, calculate the time 
required to heat the water to 80°C. (5.9 h)  
b. How much time can be saved if the tank is insulated? (4.2 h) 
 
 
4.4 A stirred tank is used to heat 100 kg of a solvent (mass heat capacity 2.5 J/g°C). 
An electrical coil delivers 2.0 kJ/s of power to the tank; the shaft work of the stirrer is 
560 W. The solvent is initially at 25°C. The heat lost from the walls of the tank is 200 
J/s. 
a. Write a differential equation for the energy balance. 
b. Solve the equation using the available software package. 
c. How long will the solution take to reach 70°C? (1.33 h)  
 
 
4.5 The following series reaction takes place in a constant volume batch 
reactor: 

 
Each reaction is of first order and is irreversible. If the initial concentration of A is 1 
mol/L and if only A is present initially, find an expression for the concentrations of A, 
B, and C as a function of time (k1 = 0.1/s, k2 = 0.2/s). 
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Appendix 
Physical properties (Appendix A.1), heat capacities (Appendix A.2), and 
saturated and superheated steam table (Appendix A.3) are adapted with 
permission from the following references: 

 
1. Himmelblau, D.M. (1996) Basic Principles and Calculations in 
Chemical Engineering, 6th edn., Prentice-Hall, Upper Saddle River, NJ 

(Appendices A.1 and A.2)                                                                                        
2. Haywood, R.W. (1968) Thermodynamic Tables in SI (Metric) Units, 
Cambridge University Press, London, U.K. (Appendix A.3). 

 
Appendix A.1 
Table A.1 contains physical properties of various organic and inorganic 
substances such as molecular weight, critical temperature, critical 
pressure, specific gravity, melting temperature, heat of fusion, boiling 
temperature, and heat of vaporization. Table A.2 contains standard heats  

of formation and standard heats of combustion.                                        

 
  

 
  



 

 
 
 



 

 
 
 



 

 
 
 
 



 
 

 
 
 
 
 
 
 
 
 
 
 
 

 



 
 
 

 
 
 
 

 
 
 
 
 
 
 
 



 
 
 
 
 

 
 

 
 
 
 
 



 

 
 



 

 
 

 
 
 



 

 



 
  



 
 

 
  



 
 

 
 

 
 
 



 
 

 



 
 

 
  



 
 

 
 
 
 



 



 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 




