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Tree diagram
Example 1: Applving the chain Rule

Use the chain Rule to find the derivative of w = Xy
with respect to t along the path x = cost,v = sint. What is the

- - T
derivative’'s value at t = ;?

solution: We apply the chain rule to find dw/dt as follows:

dw _ odw dx dw iy
dt  dx dt v dt
A2y ol (2w ol -
= . cost . sint
ax o i 2 ( } + i cdie ( )

(Vv)(—sint) + (x)(cost)
(sint)(—sint) + (cost)(cos t)
—sin?t + cos?t = cos 2¢t .
In this example, we can check the result with a more direct calculation.
As a function of t,

W

w = Xy = costsint = %sin 2t,

50

ol we ol 1 - 1

7 — 5(55'“ zt) =3 2 cos 2t = cos 2t.

In either case, at the given value of t,
(i—f}z=n;z = cos(2 -%} = cosm = —1.



Function defined on Surfaces

- i

IF we are interested in the temperature w = [f(x, v, z)at points
(x, v, z)on a globe in space, we might prefer to think of x, v,and =
as function of the variables m and s that give the points'longitude
and latitudes. If x = g(r,s),v = h(r,s),and z = k(r,s), we could
then express the temperature as a function of r and s with the
composite function w = f(g(r,s) h(r,s), k(r,s)).
Under the right conditions, w would have partial derivatives with respect
to both rrand s that could be calculated in the following way.
Chain Rule for Two Independent Variables and Three Intermediate
Variables
Suppose that w = f(x,v,z),x = g(r,s5),v = h(r,s),and z = k(r, s).
I'f all foyr functions are dif ferentiable, then w has partial derivatives

with respect to r and s, given by the functions
s dw dx dw av ow o=

ar = ox E.\‘r+ﬂy ﬂr+ﬂz ar
awr dw Ox dw advy dw o=z

s  O9x 9s ' 9y 9s Y 3=z o5
The first of these equations can be derived by holding s fixed and treating
r as t.The second can be drived in the same way, holding r fixed and treating

sas t.The tree diagram for both equations are showen below
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A Formula for Implicit ar odx Pr e dx s

B Bif['erentiatinli/—/,//
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Suppose that F(x, v)is dif ferentiable and that the equation
F(x,v) = 0Ddefines v as a dif ferentiable functiomn of x. Then at
any point where F,, = 0.

dy . Fo
dx 5,
Example S: Inmplicit Differentiation
Firnd :—:: ir v — x? — sinxy = 0
Solution: Take F(x,v) = wv? — x? — sinxy ., then
ol E, —2x — WV COS XV 2x 4+ WV COSsS XV
dx ~ F, 2w — xcosxy  2¥V — x cos xyv
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SprDse that w = F(x, V. Zy cer wm- e u}:s (e} d;fferﬂttlabie Ffunctiomn
of the variables x,V. ....wuw (a finite set) and x, Vv, ...u are dif ferentiable
Ffunctions of p.q, -.. .t (another finite sets). Then w is a dif ferentiable

function of the variables p through t and the partial derivatives of w
with respect to these variables are given by equations of the form

'y  dww O a9y O'wer  Dre
E_ dax O e ﬂp+-‘-+ﬂu ;-
The other equations obtained by replacing p by q,. ..., t, one at tirme.
One way to remember this egqution is to think of the right — hand
side as the dot product of two vectors with componenits

dhawe dhae o dx awv e

. . ————— arvcl —_— = e ——

aac ay e op " dp ap

Derivatives of w with Dervatives of the intermediate variable
respect to the with respect to the selected

intermediate variable independent variable



— Extreme Values and Saddle Points
Der T For E | J

o DEFINITIONS (Local Maxirmum, Local Mini I

Let f(x }r)be defined on a region R Cﬂﬂtﬂ!]“ling the pﬂ-:nt (a, b). Themn
1 — f(a,b)is a local maximuum value of F if f(a.b) = FfF(x, v)for
all domain points (x, v)in an open disk centered at (a, b).

2 — fla,blis a local minimum value of Fif fFf(a.b) =< F(x,v) for

all domain points (x, yv)in an open disk centered at (a, b).

m: First Derivative Test for Local Extreme Values

I'rF FfF(x, vihas a local muaxirmwurm or minitmwm valuwe at an interior
point (a, b)of its domain and if the fFirst partial derivatives exist

there, then L (a,b) = 0,and f,(a,b) = 0.

mﬁ'riticﬂl Pointc

An interior point of the domain of a function F(x, yIwhere both
I and f,are zero or where one or both f,and [, donot exist is a

critical point of .

— D‘EFINITIG __.—-""'Saddle Point

A dif ferentiable function f(x, v)Aas a saddle point at a critical
point (a, b)if in every open disk centered at (a, b)tlhere are domain
points (x, vIwhaere fx, v) > ff(a, bl)anddomain points (x, v)whAere
Flx,.») < fFla.b). The corresponding point (a, b, f(a, b))on the
surface z = f(x, v) is called a saddle point of thAhe surface.

Example 1: Finding local Extreme values
Find the local extreme values of fF(x, v) =
Soluction: L = 2x = 0 and f, = 2y = 0, -
(a, b)) = (0,0) so f(a,b) = FfF(0,0) = 0

fla,. b)) << fF(x,.yv),since [ is never negative
so (0,0) is local minmuwrm point.

.‘A‘:z—l'—:y.-lr2 -
x =0, w»v=0
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Decide which Variables Are Dependent and Which Are Independent
If the variables in a function w = f(x, v, z)are constrained by

a relation like the one inposed on x,yv and z by the equation

z = x% 4+ v? ,the geometric meaning and the numerical values of
the partial derivatives of [ will depend on which variables are
chosen to be dependent and which are chosen to be independent.
To see how this choice can af fect the outcome, we consider the
calculation of dw/dx when w = x% + y? + z? and z = x? + y=.

Example 1: Finding a Partial Derivative with Constrained Indep.Var.
Find ow/oxif w = x* +v®* + z?2 and z = x* + y*

Solution: We are given two equations in the four unknowns

x,v,z,and w. Like many such systems, this one can be solved for two

of the unknowns (the dependent vars.)in terms of the others (indep.
vars.).In being asked for odw/dx ,we are told that w is to be a dep. var.
and x an indep.var.The possible choices for the other variables

com down to
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