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Chapter Four: Stability 

Chapter Thirteen in the textbook 

A stable system will be defined as one for which the output response is bounded for all bounded 

inputs. A system exhibiting an unbounded response to a bounded input is unstable. 

Stable system → 𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑖𝑛𝑝𝑢𝑡 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑠 𝑎 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑜𝑢𝑡𝑝𝑢𝑡 (𝐵𝐼𝐵𝑂) 

A bounded input function is a function of time that always falls within certain bounds over time. 

For example, the step function and sinusoidal function are bounded inputs. The function 𝑓(𝑡) =

𝑡 is unbounded. 

 

 

 

Stable system                                           Unstable system 

 

Characteristic Equation 

 

 

 

 

From the block diagram of the control system, the overall transfer function is: 
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𝐶 =
𝐺1𝐺2

1 + 𝐺1𝐺2𝐻
𝑅 +  

𝐺2

1 + 𝐺1𝐺2𝐻
 𝑈 

Characteristic Equation is              1 + 𝐺1𝐺2𝐻 = 0   𝑜𝑟   1 + 𝐺𝑙𝑜𝑜𝑝  = 0 

where 1 + 𝐺𝑙𝑜𝑜𝑝 is the denominator of the closed-loop transfer function for the process. 

It is important to note that the characteristic equation of a control system, which determines its 

stability, is the same for the set point or load changes. Although the rules derived above were based 

on a step input, they apply to any input.  

Example 1: A control system has transfer functions. Find the characteristic equation and its 

roots, and determine whether the system is stable. 

𝐺1 = 10
0.5𝑠+1

𝑠
   (PI control)          𝐺2 =

1

2𝑠+1
     (Process)    𝐻 = 1  (measuring element with lag) 

Characteristic Equation is               

1 + G1G2H = 0 → 1 + 10
0.5s+1

s
 ×

1

2s+1
× 1 = 0 → 1 +  

5s+10

s(2s+1)
= 0 →

s(2s+1)

s(2s+1)
+

5s+10

s(2s+1)
= 0  

s(2s + 1) + 5s + 10 = 0 → 2𝑠2 + 𝑠 + 5s + 10 = 0 → 2𝑠2 + 6s + 10 = 0 

𝑠2 + 3s + 5 = 0 

By solving the equation above, the roots are as follows: 

𝑠 = −
3

2
∓

√9 − 20

2
 →  𝑠1 = −

3

2
− 𝑗

√11

2
 𝑎𝑛𝑑 𝑠2 = −

3

2
+ 𝑗

√11

2
 

since the real part of  s1 and  s2 is negative  (−
3

2
), the system is stable. 
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Routh Test 

The Routh test is a purely algebraic method for determining how many roots of the characteristic 

equation have positive real parts; from this, it can also be determined whether the system is stable, 

for if there are no roots with positive real parts, the system is stable. The test is limited to systems 

that have polynomial characteristic equations.  This means that it cannot be used to test the stability 

of a control system containing a transportation lag. 

The procedure for examining the roots is to write the characteristic equation in the form: 

𝑎0𝑠𝑛 + 𝑎1𝑠𝑛−1 + 𝑎2𝑠𝑛−2 + ⋯ + 𝑎𝑛 = 0 

where  𝑎0 is positive. (If  𝑎0 is originally negative, both sides are multiplied by -1.) In this form, 

all the coefficients must be positive if all the roots are to lie in the left half-plane. If all the 

coefficients 𝑎0, 𝑎1, 𝑎2 𝑎𝑛𝑑 𝑎𝑛 are positive, the system may be stable or unstable. If any coefficient 

is negative, the system is definitely unstable, and the Routh test is not needed to answer the 

question of stability.  

 

 

 

𝑏1 =
𝑎1𝑎2−𝑎0𝑎3

𝑎1
                   𝑏2 =

𝑎1𝑎4−𝑎0𝑎5

𝑎1
              𝑏3 =

𝑎1𝑎6−𝑎0𝑎7

𝑎1
    

𝑐1 =
𝑏1𝑎3−𝑎1𝑏2

𝑏1
                   𝑐2 =

𝑏1𝑎5−𝑎1𝑏3

𝑏1
                                                   

𝑑1 =
𝑐1𝑏2−𝑏1𝑐2

𝑐1
                   𝑑2 =

𝑐1𝑏3−𝑏1𝑐3

𝑐1
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Examine the elements of the first column of the array 𝑎0, 𝑎1, 𝑏1, 𝑐1 𝑎𝑛𝑑 𝑑1. 

1. If any of these elements are negative, we have at least one root on the right of the imaginary 

axis and the system is unstable. 

2. The number of sign changes in the elements of the first column is equal to the number of 

roots to the right of the imaginary axis. 

So, the system is stable if all the elements in the first column of the array are positive. 

 

Example 2:  Given the characteristic equation: 

𝑠4 + 3𝑠3 + 5𝑠2 + 4𝑠 + 2 = 0 

determine the stability by the Routh criterion.  

Since all the coefficients are positive, the system may be stable. To test this, form the following 

Routh array:  

 

 

 

𝑏1 =
𝑎1𝑎2−𝑎0𝑎3

𝑎1
=  

3 × 5 − 1 × 4

3
=

11

3
  

𝑏2 =
𝑎1𝑎4−𝑎0𝑎5

𝑎1
=

3 × 2 − 1 × 0

3
=

6

3
 

𝑐1 =
𝑏1𝑎3−𝑎1𝑏2

𝑏1
=

11
3 × 4 − 3 ×

6
3

11
3

=
26

11
 

Since there is no change in the sign in the first column, no roots are having positive real parts, 

and the system is stable. 



Dr. Farooq Ahmed                                                                                  Control System                                                                                 

5 
 

Problems 
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