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Chapter Three: Transient Response of Simple Control Systems 

Chapters Eleven and Twelve in the textbook 

 

In this chapter, results of all previous chapters will be applied to determining the transient response 

of the simple control.  

 

 

 

 

 

 

 

 

Closed Loop 

 

 

Where, 

Ysp= Setpoint or desired value 

E = Error 

M = Manipulated variable 

D = Load variable or disturbance  

Y = Measured variable 

Ym = Variable produced by measuring device 
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Process (Open-loop):                     Y(s) = GpM(s) + GdD(s)                                       (1) 

Measuring Device:                         Ym(s) = GmY(s)                                                     (2) 

Controller System: 

Comparator                           E(s) = Ysp(s) − Ym(s)                                           (3)  

Controller                              P(s) = GcE(s)                                                        (4) 

Final Control Element:                    M(s) = GvP(s)                                                       (5) 

 

Substitute Equation 5 into 1, 

Y(s) = GpGvP(s) + GdD(s)                                       (6) 

Substitute Equation 4 into 6, 

Y(s) = GpGvGcE(s) + GdD(s)                                       (7) 

Subsitute Equation 2 into 8, 

Y(s) = GpGvGc(Ysp(s) − Ym(s)) + GdD(s)                                       (8) 

Subsitute Equation 3 into 7, 

Y(s) = GpGvGc(Ysp(s) − GmY(s)) + GdD(s)                                       (9) 

Rearrange Equation 9, 

Y(s) = GpGvGcYsp(s) − GpGvGcGmY(s) + GdD(s)                               (10) 

Y(s) + GpGvGcGmY(s) = GpGvGcYsp(s) + GdD(s)                               (11) 

(1 + GpGvGcGm)Y(s) = GpGvGcYsp(s) + GdD(s)                               (12) 

 

The Closed-Loop Transfer Function or Overall Transfer Function 

Y(s) =
GpGvGc

1 + GpGvGcGm
Ysp(s) +

Gd

1 + GpGvGcGm
 D(s) 

G =  Gforward = GpGvGc 

Y(s) =
G

1 + GGm
Ysp(s) +

Gd

1 + GGm
 D(s) 
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Closed-loop formula (negative feedback):     
𝑌

𝑋
=

𝐺𝑓𝑜𝑟𝑤𝑎𝑟𝑑

1+𝐺𝑙𝑜𝑜𝑝
 

Closed-loop formula (positive feedback):     
𝑌

𝑋
=

𝐺𝑓𝑜𝑟𝑤𝑎𝑟𝑑

1−𝐺𝑙𝑜𝑜𝑝
 

Where, 

𝐺𝑓𝑜𝑟𝑤𝑎𝑟𝑑 = GpGvGc = The product of transfer functions in the forward path between locations 

of X and Y.  

𝐺𝑙𝑜𝑜𝑝 =  GpGvGcGm = The product of all transfer functions in the loop.  

 

Overall Transfer Function for Change in Set Point 

The response to a change in the set point  Ysp(s) or desired value, obtained by setting D(s) = 0, 

represents the  solution to the servo problem. So, the overall transfer function is as follows: 

Y(s) =
GpGvGc

1 + GpGvGcGm
Ysp(s)        or         Y(s) =

G

1 + GGm
Ysp(s) 

The feedback controllers act in such a way as to keep Y close to the changing Ysp. 

 

Overall Transfer Function for Change in Load 

The response to a change in the load D(s) or disturbance, obtained by setting Ysp(s) = 0, 

represents the solution to the regulatory problem. So, the overall transfer function is as follows: 

Y(s) =
Gd

1 + GpGvGcGm
D(s)        or         Y(s) =

Gd

1 + GGm
D(s) 

The feedback controller tries to eliminate an impact of the load change D to keep Y at the desired 

setpoint. 
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Effect of controllers on the transient response of simple control systems 

1. Proportional effect 

The closed-loop transfer function is: 

 

Y(s) =
GpGvGc

1 + GpGvGcGm
Ysp(s) +

Gd

1 + GpGvGcGm
 D(s) 

Consider, Gm =  Gv = 1 

              Gc = Kc                   P control 

              Gp =  
Kp

τps+1
              First-order equation 

              Gd =  
Kd

τps+1
 

Substitute in the equation above: 

Y(s) =

Kc (
Kp

τps + 1)

1 + Kc (
Kp

τps + 1)

Ysp(s) +

Kd

τps + 1

1 + Kc (
Kp

τps + 1)

 D(s) 

 

Y(s) =

Kc (
Kp

τps + 1)

τps + 1
τps + 1

+ Kc (
Kp

τps + 1)

Ysp(s) +

Kd

τps + 1

τps + 1
τps + 1

+ Kc (
Kp

τps + 1)

 D(s) 

Rearrange, 

Y(s) =
KcKp

τps + 1 + KcKp
Ysp(s) +

Kd

τps + 1 + KcKp
 D(s) 

Divide the equation above by 1 + KcKp  

Y(s) =

KcKp

1 + KcKp

τp

1 + KcKp
s + 1

Ysp(s) +

Kd

1 + KcKp

τp

1 + KcKp
s + 1

 D(s) 
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Y(s) =
𝐴1

𝜏1s + 1
Ysp(s) +

𝐴2

𝜏1s + 1
 D(s) 

Where, 

         𝐴1 =
KcKp

1+KcKp
                          𝜏1 =

τp

1+KcKp
                    𝐴2 =

Kd

1+KcKp
 

The close-loop response has the following characteristics: 

1. It remains first order with respect to load and set point changes. 

2. The time constant has been reduced (𝜏1 < 𝜏𝑝 ) which mean that the closed-loop response 

has become faster than the open loop response, to change in set point or load. 

3. The static gain has been decreased. 

 

Offset 

The difference (at steady state) between the desired value of the controlled variable (set point) and 

the actual value of the controlled variable. The offset is actually the steady-state value of the error 

(for the case of unity feedback) as follows: 

Offset = New set point − Ultimate mesured value 

Ultmate mesured value =  lim
s→0

s Y(s) = lim
t→∞

y(t) 

For the servo problem, D(s) = 0 

Y(s) =
𝐴1

𝜏1s + 1
Ysp(s) 

Offset = 1 − lim
s→0

s Y(s) → 1 − s
𝐴1

𝜏1s + 1
Ysp(s) → 1 − s

𝐴1

𝜏1s + 1
(

1

𝑠
) → 1 − 𝐴1 

Offset = 1 −
KcKp

1 + KcKp
→

1

1 + KcKp
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The offset decreases as  Kc increases, and in theory, the  offset could be made as small as desired 

by increasing  Kc to a sufficiently large value 

Kc ↑    offset ↓ 

For the regulator problem, Ysp(s) = 0 

Y(s) =
𝐴2

𝜏1s + 1
 D(s) 

Offset = 0 − lim
s→0

s Y(s) → 0 − s
𝐴2

𝜏1s + 1
 D(s) → 0 − s

𝐴1

𝜏1s + 1
(

1

𝑠
) → −𝐴2 

Offset = −
Kd

1 + KcKp
 

As for the case of a step change in set point, the absolute value of the offset is reduced as a 

controller gain  Kc is increased. 

 

2. Integral effect 

 

The closed-loop transfer function is: 

 

Y(s) =
GpGvGc

1 + GpGvGcGm
Ysp(s) +

Gd

1 + GpGvGcGm
 D(s) 

Consider, Gm =  Gv = 1 

Y(t) 

Yst 
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              Gc =
Kc

𝜏𝐼𝑠
                   I control 

              Gp =  
Kp

τps+1
              First-order equation 

              Gd =  
Kd

τps+1
 

Substitute in the equation above: 

Y(s) =

Kc

𝜏𝐼𝑠 (
Kp

τps + 1)

1 +
Kc

𝜏𝐼𝑠 (
Kp

τps + 1)

Ysp(s) +

Kd

τps + 1

1 +
Kc

𝜏𝐼𝑠 (
Kp

τps + 1)

 D(s) 

 

Y(s) =

KcKp

𝜏𝐼𝑠(τps + 1)

𝜏𝐼𝑠(τps + 1)

𝜏𝐼𝑠(τps + 1)
+

KcKp

𝜏𝐼𝑠(τps + 1)

Ysp(s) +

Kd

τps + 1

𝜏𝐼𝑠(τps + 1)

𝜏𝐼𝑠(τps + 1)
+

KcKp𝜏𝐼𝑠 + KcKp

𝜏𝐼𝑠(τps + 1)

 D(s) 

 

Y(s) =
KcKp

𝜏𝐼τp𝑠2 + 𝜏𝐼𝑠 + KcKp
Ysp(s) +

Kd𝜏𝐼𝑠

𝜏𝐼τp𝑠2 + 𝜏𝐼𝑠 + KcKp
 D(s) 

 

Y(s) =
KcKp

𝜏𝐼τp𝑠2 + 𝜏𝐼𝑠 + KcKp
Ysp(s) +

Kd𝜏𝐼𝑠

𝜏𝐼τp𝑠2 + 𝜏𝐼𝑠 + KcKp
 D(s) 

Divide the equation above by KcKp 

Y(s) =
1

𝜏𝐼τp

KcKp
𝑠2 +

𝜏𝐼

KcKp
𝑠 + 1

Ysp(s) +
Kd𝜏𝐼𝑠

𝜏𝐼τp

KcKp
𝑠2 +

𝜏𝐼

KcKp
𝑠 + 1

 D(s) 

 

Y(s) =
1

𝜏2𝑠2 + 2𝜁𝜏𝑠 + 1
Ysp(s) +

Kd𝜏𝐼𝑠

𝜏2𝑠2 + 2𝜁𝜏𝑠 + 1
 D(s) 

Where, 
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𝜏2 =
𝜏𝐼τp

KcKp
 →  𝜏 = √

𝜏𝐼τp

KcKp
 

2𝜑𝜏 =
𝜏𝐼

KcKp
 → 𝜁 =  

1

2
 √

𝜏𝐼

𝜏𝑝KcKp
 

 

For the servo problem, D(s) = 0 

Y(s) =
1

𝜏2𝑠2 + 2𝜁𝜏𝑠 + 1
Ysp(s) 

Ysp(s) =  
1

𝑠
 

Offset = 1 − lim
𝑠→0

𝑠 
1

𝜏2𝑠2 + 2𝜁𝜏𝑠 + 1
 
1

𝑠
 → 1 − 1 = 0 

 

For the regulator problem, Ysp(s) = 0 

Y(s) =
Kd𝜏𝐼𝑠

𝜏2𝑠2 + 2𝜁𝜏𝑠 + 1
 D(s) 

D(s) =  
1

𝑠
 

Offset = 0 − lim
𝑠→0

𝑠 
Kd𝜏𝐼𝑠

𝜏2𝑠2 + 2𝜁𝜏𝑠 + 1
 
1

𝑠
 → 0 − 0 = 0 

 

Offset is always zero because of the integral effect. 

 

3. Derivative effect 

The closed-loop transfer function is: 

 

Y(s) =
GpGvGc

1 + GpGvGcGm
Ysp(s) +

Gd

1 + GpGvGcGm
 D(s) 
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Consider, Gm =  Gv = 1 

              Gc = Kcτds              D control 

              Gp =  
Kp

τps+1
              First-order equation 

              Gd =  
Kd

τps+1
 

Substitute in the equation above: 

Y(s) =

Kcτds (
Kp

τps + 1)

1 + Kcτds (
Kp

τps + 1)

Ysp(s) +

Kd

τps + 1

1 + Kcτds (
Kp

τps + 1)

 D(s) 

 

Y(s) =

KpKcτds
τps + 1

1 +
KpKcτds
τps + 1

Ysp(s) +

Kd

τps + 1

1 +
KpKcτds
τps + 1

 D(s) 

 

 

Y(s) =

KpKcτds
τps + 1

τps + 1
τps + 1

+
KpKcτds
τps + 1

Ysp(s) +

Kd

τps + 1

τps + 1
τps + 1

+
KpKcτds
τps + 1

 D(s) 

 

 

Y(s) =
KpKcτds

τps + 1 + KpKcτds
Ysp(s) +

Kd

τps + 1 + KpKcτds
 D(s) 

 

 

Y(s) =
KpKcτds

(τp + KpKcτd)s + 1
Ysp(s) +

Kd

(τp + KpKcτd)s + 1
 D(s) 
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The close-loop response has the following characteristics: 

1. The derivative control does not change the order of the reponse. 

2. The effective time constant of the closed-loop response (τp + KpKcτd  > τp) . This 

means that the response of the controlled process is slower than that of the original first-

order process and as Kc increase the response become slower. 

 

 

4.  Proportional-Integral effect (PI effect) 

Combination of propertional and integral control modes lead to the follwing effects on the response 

of closed-loop system. 

1. The order of the response inceases and the offset is eliminated (I effect). 

2. As Kc increses, the response becomes fater (P and I effects) and more oscillatory to set 

point changes [ovesrshoot and decay ratio increase (I effect)]. A large value of the 

Kc creates a very sensitive response and may lead to instability. 

3. As 𝜏𝐼 decreases, for constant Kc, the reponse becomes faster but more oscillatory with 

higher overshoot and decay ratio (I effect). 

For fixed value of 𝜏𝐼: as  Kc ↑, 𝜑 ↑    𝑀𝑎𝑥. 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 ↓   𝑂𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑖𝑜𝑛𝑠 ↓ 

For fixed value of Kc: as  𝜏𝐼 ↓, 𝜑 ↓    𝑀𝑎𝑥. 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 ↓   𝑂𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑖𝑜𝑛𝑠 ↑ 

 

 

5. Proportional-Integral-Derivative effect (PID effect) 

To increase speed of the closed loop response, increase the value of the controller gain Kc. But 

increasing enough Kc to have an acceptable speed, the response become more oscillatory and may 

lead to unstability. 

The introduction of the derivative mode brings a stability effect to the system. Thus to achive 

1. Acceptable response speed by selecting an appropriate value for the gain Kc. 

2. Maintaining moderate overshoot and decay ratios. 
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Problems 
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